We study the restoration of the spontaneously broken chiral symmetry and the anomalously broken axial U(1) symmetry in finite temperature QCD at zero chemical potential. We use 2 flavors lattice QCD with optimal domain-wall fermion on the 16 3 × 6 lattice, with the extent N s = 16 in the fifth dimension, in the temperature range T = 130 − 230 MeV. To examine the restoration of the chiral symmetry and the axial U(1) symmetry, we use diluted Z 2 noises to calculate the chiral condensate, and the chiral susceptibilities in the scalar and pseudoscalar meson channels, for flavor singlet and non-singlet respectively. From the degeneracy of the chiral susceptibilities around T c , it suggests that the axial U(1) symmetry is restored in the chirally symmetric phase. Moreover, we examine the spectral density ρ(λ c ) of the 4D effective Dirac operator with exact chiral symmetry, which is obtained by computing zero modes plus (180+180) conjugate pairs of low-lying modes for each gauge configuration. The suppression of low modes in the spectral density provides a consistency check of the restoration of axial U(1) symmetry in the chirally symmetric phase.
Introduction
In QCD, the classical action of N f massless quarks has the symmetry SU (N f ) L × SU (N f ) R × U (1) V × U (1) A . In the quantum theory, at zero temperature, the chiral symmetry SU (N f ) L × SU (N f ) R is broken spontaneously to SU (N f ) V by the vacuum of QCD, and the U (1) A symmetry is broken by the axial anomaly. It is expected that at high temperature, both chiral symmetry and U (1) A symmetry are restored. The question is, at what temperature T c the chiral symmetry is restored, and whether U (1) A symmetry is also restored at T 1 ≃ T c .
Lattice QCD with exact chiral symmetry [1, 2] is an ideal theoretical framework to study the nonperturbative physics from the first principles of QCD. Thus it is in a good position to answer above questions. However, it is rather nontrivial to perform Monte Carlo simulation such that the chiral symmetry is preserved at a high precision and all topological sectors are sampled ergodically. Currently, there are three groups (HotQCD, JLQCD, TWQCD) performing large-scale simulations of finite-temperature QCD with domain-wall/overlap fermion. While HotQCD and JLQCD have been using IBM Blue Gene supercomputers, TWQCD has been using a GPU cluster (currently consisting of 320 Nvidia GPUs, with sustained 100 Tflop/s).
The HotQCD Collaboration has been using the conventional domain-wall fermion with the Shamir kernel, which suffers from large chiral symmetry breaking (i.e., large residual mass), especially in the finite temperature QCD [3] . On the other hand, the JLQCD Collaboration and the BMW Collaboration have used the overlap fermion in a fixed topology, which attains very good chiral symmetry, but in the expense of sampling all topological sectors ergodically [4, 5] . To overcome the deficiencies of above two approaches, TWQCD collaboration has been using the optimal domain-wall fermion (ODWF) [6, 7] to preserve the chiral symmetry, which not only attains a good chiral symmetry with a modest extension (e.g., N s = 16) in the fifth dimension, but also samples all topological sectors ergodically.
Mathematically, ODWF is a theoretical framework to preserve the chiral symmetry optimally with a set of analytical weights, {ω s , s = 1, · · · , N s }, one for each layer in the fifth dimension [6] . Thus the artifacts due to the chiral symmetry breaking with finite N s can be reduced to the minimum, especially in the chiral regime. In general, the 4-dimensional effective Dirac operator of massless ODWF can be written as [8] Recently we have demonstrated that it is feasible to perform a large-scale dynamical QCD simulation with ODWF, which not only preserves the chiral symmetry to a good precision, but also samples all topological sectors ergodically. To recap, we perform HMC simulations of 2 flavors QCD on a 16 3 × 32 lattice, with ODWF at N s = 16 and plaquette gauge action at β = 5.95. Our results of the topological susceptibility [10] and the mass and decay constant of the pseudoscalar meson [11] agree with the sea-quark mass dependence predicted by the NLO ChPT. This asserts that the nonperturbative chiral dynamics of the sea-quarks are well under control in our HMC simulations. Recently we have extended our simulations to larger lattices (20 3 × 40, 24 3 × 48), with plaquette gauge action at β = 5.95 and β = 6.00 respectively. In this paper, we study the restoration of the spontaneously broken chiral symmetry and the anomalously broken axial U(1) symmetry in finite temperature QCD at zero chemical potential.
Gauge ensembles
We perform simulations of two flavors QCD on the 16 3 × 6 lattice, with the plaquette gauge action, for 7 values of β = 6/g 2 , ranging from β = 5.85 to β = 5.90. For the quark part, we use ODWF with c = 1, d = 0 (i.e., H = H w ), N s = 16, and λ min /λ max = 0.01/6.2. At each β , simulations are performed for 3-4 different sea-quark masses m q a = 0.01, 0.015, 0.02, and 0.03, such that extrapolation to the chiral limit can be carried out. Moverover, in order to fix the scale, we also perform zero temperature simulations on the 16 3 × 32 lattice, for β = 5.95, 5.90 and 5.88. For each (β , m q ) ensemble on the 16 3 × 6 lattice, we generate around 4000-6000 trajectories with a single GPU or a set of GPUs. After discarding the initial 300 trajectories for thermalization, we sample one configuration every 10-20 trajectories, then we have 300-600 configurations for each ensemble.
To determine the lattice scale, we compute the Wilson flow [12] of each configuration of the zero temperature gauge ensembles at β = 5.88, 5.90, and 5.95, and use the BMW scheme [13] 
to obtain the value of w 0 /a for each ensemble. Using the inverse lattice spacing a −1 we have determined at β = 5.95 (by heavy quark potential with Sommer parameter r 0 = 0.49 fm) [11] , we obtain w 0 , and also the values of a −1 for β = 5.90 and β = 5.88. Then the values of a −1 at other β 's are obtained by RG extrapolation.
To measure the chiral symmetry breaking due to finite N s , we compute the residual mass according to the formula [8] 
where (D c + m q ) −1 denotes the valence quark propagator with m q equal to the sea-quark mass, Tr denotes the trace running over the site, color, and Dirac indices. For an ensemble of gauge configurations, one has two different ways to measure the residual mass. One way is to compute (2.1) for each gauge configuration of the ensemble and then obtain the average, which is denoted as M res 1 . Another way is to compute the ensemble average of the numerator and the denominator of (2.1) respectively, and then obtain their ratio, which is denoted as M res 2 . Using 240 Z 2 noise vectors with dilution in the color and Dirac spaces (20 × 3 × 4 = 240) for each configuration, we compute the numerator and the denominator of (2.1), and obtain the residual masses M res 1 and M res 2 , as listed in Table 1 . We see that these two different measures of the residual mass are in good agreement with each other. 
Chiral susceptibilities
We use the two-point functions of scalars and pseudoscalars for probing the restoration of (ūu −dd). Their two-point functions are
where the last term is added explicitly to subtract the vacuum contribution. The corresponding chiral susceptibilities are 
Since the scalar and pseudoscalar correlation functions are related by SU L (2) × SU R (2) flavor transformation, the restoration of chiral symmetry implies that
which in turn gives χ disc = χ 5,disc for T > T c and m q → 0. Since U A (1) transformation does not change the flavor quantum numbers, the restoration of U A (1) symmetry implies
, and
If U A (1) symmetry is broken above T c , then there exists a window T c < T < T 1 in which χ π = χ σ and χ δ = χ η , but χ π = χ δ and χ σ = χ η . If the chiral symmetry restoration (phase transition) belongs to the O(4) universality class, then we expect
for T c < T < T 1 and m q → 0.
Preliminary results
For each configuration, we use 240 Z 2 noise vectors with dilution in the color and the Dirac spaces (20 × 3 × 4 = 240) to compute the chiral susceptibilities for each configuration, and then obtain the average for each gauge ensemble. The chiral susceptibility in the chiral limit at each temperature is obtained by linear extrapolation with 2-4 data points at m sea a = 0.01, 0.015, 0.02, 0.03. In Fig. 1 (a) , we plot the dimensionless quantities χ disc /T 2 = (χ σ − χ δ )/(2T 2 ) versus T , and identify its peak as the pseudo-critical temperature, T c ∼ 172 MeV. In Fig. 1 (b) , we plot (χ π − χ σ )/T 2 and (χ η − χ δ )/T 2 versus T . It is evident that for T > T c , both of them go to zero, which implies that the chiral symmetry SU (2) L × SU (2) R is restored for T > T c , even though the magnitude of (χ η − χ δ )/T 2 is much smaller than (χ π − χ σ )/T 2 . In Fig. 1 (c) , we plot (χ π − χ δ )/T 2 and (χ σ − χ η )/T 2 versus T . We also observe that both of them decrease rapidly as T is slightly higher than T c , which implies that U (1) A is restored at T 1 ≃ T c .
Since the difference of any two chiral susceptibilities can be written in terms of the spectral density of D c , e.g.,
which is dominated by the low-lying eigenmodes of D c , we can examine the restoration of the chiral symmetry and the axial U (1) symmetry with the spectral density ρ(λ c ) of the low-lying modes. To this end, we calculate the zero modes plus (180+180) conjugate pairs of the lowestlying eigenmodes of the overlap Dirac operator, for each configuration in the gauge ensembles. Our procedures have been outlined in Ref. [10] . In Fig 2, c with c 0 ≃ 0. This suggests that the chiral symmetry and the U (1) A symmetry are both restored at this temperature, consistent with the degeneracies of the chiral susceptibilities (χ π ≃ χ δ ≃ χ η ≃ χ σ ) as shown in Fig. 1 (b) and (c). We also note that the suppression of the low modes at T = 182(2) MeV > T c satisfies ρ(λ c ) = c 3 λ 3 c , consistent with the theoretical constraint obtained in Ref. [14] for the restoration of the U (1) A symmetry in the chirally symmetric phase. 
Concluding remarks
Our preliminary results of the chiral susceptibilities and the eigenvalue density of the 4D effective Dirac operator in two flavors lattice QCD with optimal domain-wall fermion suggest that the chiral symmetry and the U (1) A symmetry are likely to be restored at nearby temperatures, T 1 T c , in the chiral limit. This implies that the chiral phase transition in two flavors QCD in the chiral limit could be first order, or second order in the U (2) × U (2)/U (1) V universality class [15] . A more precise determination of T c and T 1 , with a finer scan in T , and also with larger volumes, are necessary to clarify this issue.
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